Abstract. It is shown that pair plasmas, through the new focusing-defocusing nonlinearity generated by an 'asymmetry' in initial temperatures of constituent species, can support multidimensional, stable, large-amplitude light bullets as well as bullets carrying vortices, i.e. spinning bullets.
Model
The pair plasmas consisting of only positive-and negative-charged particles of equal mass have attracted special attention mainly because of astrophysical applications. In the early Universe during the lepton era, ultra-relativistic electron-positron (e-p) pairs contributed dominantly to the matter content of the Universe [1] . The gamma-ray bursts -the most concentrated electromagnetic explosions in the Universe -are believed to be related with the enormous energy release in compact regions in short time scales. This energy release leads to the formation of a highly dense optically thick e-p plasma that expands and cools while remaining relativistic [2] . Such pair plasmas also exist in active galactic nuclei, in the relativistic jets [3] and in the pulsar magnetospheres [4] .
Properties of pair plasmas are different from ordinary electron-ion plasma. It is important to investigate the dynamics of such plasmas in the laboratory conditions not only from the point of view of fundamental physics but also to reproduce the dynamical phenomena taking place in astrophysical environments. Ultrastrong laser pulses are another source for intense pair-creation in laboratory conditions [5] . The story of laboratory pair plasmas had its defining moment with the successful creation of a 'sufficiently' dense pair-ion (pi) plasma -consisting of equal-mass, positive and negative fullerene (C + 60 and C − 60 ) [6] or hydrogen (H + -H − ) ions [7, 8] . Unlike the e-p plasma systems (both of the astrophysical and laboratory variety), such pair of ion plasmas have long enough life time so that the collective behavior peculiar to the plasma state can be experimentally investigated under controlled conditions.
The theoretical research in the electromagnetic properties of symmetric pair plasmas has a long and rich history [9] . Somewhat different class of phenomena is made possible when the pi plasmas are not fully symmetric; this could happen when the pair plasma is contaminated by free electrons or by a fraction of ions of different mass [10] . Different species may not be produced in identical conditions [11] . For instance, the positive and negative ions could have different thermal speeds (temperatures).
The present study concentrates on establishing the existence of 3-dimensional (3D), fully localized electromagnetic (EM) structures -'light bullets' -in asymmetric pair plasmas; mathematical formulation turns out to be quite similar for asymmetries of different origin. It was shown in a recent study [12] that when asymmetries originate in small temperature differences in the constituent species, the dynamics of EM pulses can be described by the following Nonlinear Schrödinger Equation (NLS):
Note that this equation, derived in the parabolic approximation, is endowed with a new type of nonlinearity
Following assumptions and definitions have gone into the derivation of (1.1) and (1.2) in perspective: A is the slowly varying amplitude of the circularly polarized EM pulse ∼ A (x +ŷ) exp(ik 0 z − ω 0 t) with mean frequency ω 0 and mean wave number
2 is the diffraction operator and Z = z − v g t is the 'comoving' (with group velocity v g ) coordinate.
Equation ( 
, where K ν are the modified Bessel functions. For the non-relativistic temperatures (
measures the temperature asymmetry of plasma species for the non-relativistic temperatures
The numerical factor κ = 1/2 (2/3) for non-relativistic (ultrarelativistic) temperatures. In deriving (1.1) with (1.2), we have assumed that the plasma is transparent (ω 0 ӷ 1, v g ≈ 1), and that the longitudinal extent of the pulse is much shorter than its transverse spread. For a transparent medium (ω 0 ӷ 1), despite the ordering, ∂A/∂Z ӷ ∇ ⊥ A , the second and the third terms in (1.1) can be comparable.
With self-evident renormalization, (1.1) can be written as
in which the nonlinearity function [12] f (|A| 2 ) = |A|
has an unusual feature, i.e. in the ultrarelativistic limit (|A| 2 ӷ 1) it tends to be 0. Note that the nonlinear refraction index for the considered system can be written as δn nl = f (I) in terms of the EM field intensity I = |A| 2 . It is easy, then, to work out that for low intensities, I < 1, the medium is self-focusing (d(δn nl )/dI > 0), while for higher intensities (I > 1) it turns defocusing (d(δn nl )/dI < 0). For the localized intense EM pulse with the peak intensity I m > 1, the region near the pulse peak will tend to broaden while the wings will get sharper.
An immediate consequence of the fucusing-defocusing saturating nonlinearity (originating from the temperature asymmetry) can be illustrated by considering a modulation instability of a quasi-monochromatic EM wave. Equation (1.3) is satisfied by the plane wave solution
The standard stability analysis then shows that a linear modulation with frequency Ω and wave number K obeys the dispersion relation
, which exhibits a purely growing mode if A 0 < 1 and
, while for the ultrarelativistic case (A 0 > 1) there is no modulation instability. One can expect that the modulation instability of moderately intense field (A 0 < 1) in the nonlinear stage will lead to the break up of the field into soliton-like pulses with a characteristic length corresponding to the optimum scale of instability (∼ √ 2/K cr ).
Light bullets in pair plasmas
In what follows, we investigate the possibility of finding stable solitonic solutions of (1.3). For stationary solitons, we look for solutions that are 'spherically' symmetric:
, where λ is a constant measuring the nonlinear frequency shift. Notice that the comoving coordinate ( Z) can be treated on an equal footing with the spatial coordinate (r ⊥ ). In terms of the radial variable r = r 2 ⊥ + Z 2 1/2 , (1.3) reduces to an ordinary differential equation that can not be analytically solved:
It is possible to map this equation in the (A, A r ) plane (phase plane) and show that it admits localized solutions. It can exist in the form of an infinite number of discrete bound states A n (r) (n = 0, 1, 2, ...), where the radial quantum number n denotes the finite r zeros of the Eigenfunction. We have numerically solved the Eigenvalue problem of (1.3) for its fundamental solitary solution (n = 0). The calculated dispersion relation is displayed in Fig. 1 . One can see that the localized solution exists in the range 0 < λ < 0.193, while the soliton amplitude (A m ) is bounded from above, A m < 1.68. The vanishing saturating nonlinearity, thus, does not sustain solitonic solutions with ultra-relativistic amplitudes (A m ӷ 1) in stark contrast to the ordinary saturating nonlinearity. Another consequences of the vanishing focusing-defocusing nonlinearity is evident in Fig. 2 , where the profiles of stationary solutions for different λs are exhibited; one can see that when pulse amplitude approaches the critical value the profile acquires a flattop. We have used numerical methods to verify the stability of the derived solutions. Direct simulation of (1.3) shows that if an initial profile of the pulse is close to the stable equilibrium (the exact numerical solution), the pulse quickly attains the profile of ground state soliton and propagates for a long distance without distortion of its shape. Even if the initial pulse is in a parameter domain that is far from equilibrium, this pulse, still, will find its way (by either focusing or defocusing) to the ground state equilibrium exhibiting damped oscillations around it.
Spatiotemporal spinning solitons in pair plasmas
In this section we explore the possibility of the formation of spatiotemporal localized structures carrying a screw-type dislocation. Such structures in nonlinear optics are known as 'Spinning bullets' [14] . To establish the possibility of the generation of stable spinning solitons in pair plasmas we first assume that the pulse is sufficiently long and effects related to the group velocity dispersion (∼ ∂ 2 A/∂Z 2 ) can be ignored.
Introducing polar coordinates (r, θ) to describe the(x, y) plane, we look for solutions of (1.3) in the form
where the integer m defines the topological charge of the vortex and λ is the nonlinear frequency shift. The ansatz (3.1) converts (1.3) to the ordinary differential equation
For non-zero m (the case of interest here), the ground state-localized vortex soliton has a positive amplitude, has a node at the origin r = 0, reaches a maximum and then decreases monotonically as r increases. Such localized solution exists for λ > 0 and displays the following asymptotic behavior: A r →0 → r |m | A 0 and A r →∞ → exp(−r √ λ)/ √ r , where A 0 is a constant that measures the slope of A at the origin. Numerical simulations show that such localized solutions may exist in the range 0 < λ < λ cr ≈ 0.2162 while the mode amplitude is a growing function of λ. Such behavior, calculated numerically, is presented in Fig. 4 . for singlly charged vortices (m = 1). The soliton amplitude (A m ), bounded from above by the critical value A cr (≈ 1.5), is found to be just moderately relativistic. Profiles of vortex solutions for different λs are illustrated in Fig. 5 . One can again see that when pulse amplitude approaches the critical value, the profile settles into a flat-top shape. For the top part of such a solution (with A(r) > 1) the medium is defocusing while it tends to focus the lower intensity wings of the structure. Similar behavior of the solutions can be obtained for vortices with higher charge (m = 2, 3, ...); corresponding figures are not displayed here. The intensity-dependent switching from the focusing to defocusing regime can have an interesting consequence for the stability properties of the solutions. The stability of vortex was conducted by following the linear stability procedure developed by [15] , in which one considers perturbations acting along a ring of mean radius r * , where A(r * ) = A m . Assuming constant intensity and spatial uniformity for this ring, one can rewrite the diffraction operator in (1.3) as ∇ 2 ⊥ = r −2 * ∂ 2 /∂θ 2 . The growth rate of the azimuthal perturbation with a phase factor Ψ = Ωt + Mθ (where M is an integer) then may be derived as
with the implication that large amplitude vortices with A m > 1 are always stable. Lower amplitude vortex soliton, on the other hand, should decay into M max multiple filaments, where M max is an integer close to the number for which growth rate is maximal. In Fig. 6 we plot Im(Ω) versus M for λ = 0.1 and for m = 1, 2 and 3. The corresponding A m are respectively 0.66, 0.65, 0.63, and r * = 6.3, 11.6, 16.9 respectively. One should expect that instability will split the pulse into filaments (fragments) with number of filaments being respectively 2, 4 and 5 (or 6) for m = 1, 2, 3. These filaments must conserve total angular momentum. Since fusion of filaments is forbidden for topological reasons, they can eventually spiral about each other or fly off tangentially to the initial ring generating bright solitonic structures found, for instance, for the index saturation nonlinearity [14] .
Numerical simulations for A m < 1 give evidence of a quickly developing instability in agreement with predictions of the linear stability analysis. Indeed, we learn from Fig. 7 that the vortex soliton with m = 1 (m = 2) breaks up into 2 (4) filaments. The filaments are running away tangentially without spiraling. All filament-like spatial solitons remain stable. Most interesting is the situation when amplitude of vortex soliton is larger than the unity. Long-time simulations for A m > 1 have been conducted for the same m numbers. Simulations confirm the expectations of the linear stability analysis that the vortices maintain their fidelity and no breaking takes place; such vortices are exceptionally stable. The inclusion of the effects related to the group velocity dispersion ignored up to now (term ∼ ∂ 2 A/∂Z 2 in (1.3)) should have crucial importance in the dynamics of the process. It can lead to vortex soliton breaking along the propagation direction just as an ordinary self-trapped beam breaks into a train of spatiotemporal solitons -the 'light bullets' [16] -under the influence of a weak modulation instability. Similarly, we expect that longitudinal instability of 2D vortex soliton and reshaping of the profile along the propagation direction could result in the generation of spatiotemporal bullets -'Spinning bullets'. This conjecture was verified by numerical simulations, in which the initial pulse was chosen to be a 2D vortex soliton with amplitude A m > 1. The breaking up of the vortex beam into a chain of stable spatiotemporal pulses is illustrated in Fig. 8 . Note that the zero vortex line survive structural changes.
Conclusions
The asymmetries originating in small temperature differences in the constituent species of an electromagnetically active medium may be always available for structure formation both in laboratory and cosmic/astrophysical settings. In the present paper we have shown that this asymmetry, mother to a new type of nonlinearity (derived in [12] ), imparts specific properties to the sustained structures. We found that the pair plasmas, through the new focusing-defocusing nonlinearity generated by an 'asymmetry' in initial temperatures, can support multidimensional stable large amplitude light bullets as well as bullets carrying vortices, i.e. spinning bullets. Localized structures for certain parameters may have flat-top shapes. An investigation of such a nonlinearity is likely to advance our understanding of many naturally occuring physical systems, and one hopes that a focusing-defocusing nonlinearity can be created in the laboratory setting.
